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JO HN G R A Y, By 
Rector of the Mariſchell College, New Aberdeen, and F. R. s. 
WI ar rv be the Merit of the Eſſay on Logarithms, 
which [herewith preſent you, it muſt be allowed 
to have ſome Claim to your iFavour, as it was long ago 
compoſed, and is now publiſhed, chiefly at your Deſire. 
I hope, therefore, you will. accept it as a Token of my 
Deference to your Judgment. I wiſh I durſt alſo flatter 
myſelf with the Hopes of its proving a laſting Memorial 
of that Friendſhip, which hath happily ſubſiſted between 
us, during a long Courſe of Years, and of that cordial 
Affection and perfect Efteem, with which I am, 


Dear Sir, 
© Your moſt EG, 
ANDREW REID. 


June 1ſt, 2762, 
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 ABvunTISmMENT. 


% FTER what the f bath demonſtrated; in the Ph. 
phical Tran Ne. 216, an Attempt to deduce the Doctrine 


ce. are obliged to wake uſe of e ae dernen Pri 
4 never underſtand.” e G ed 
at Dr. Halley's ous and Facile Met. ng wag 
rithms, and the U detect dae Fal, Ratiunculæ, Fluxions, 
and the Roots of the inſnite Powers, I 
Gentlemen of my Acquaintance, another Method for 
ſame End, without being liable to the ſame Objections. They ap- 
proved of. the Thought, and urged me to put it · in. Execution. I ac- 


8 ing my Performance, till I: was lately preſſed thereto, by ſome 
tien 


with it. 

Ittake this 
1 the iltuſtrious. 
enjoys, without a 


of doin a Piece of Juſtice to the Memory 
ray Napier, Ban of Merchifton. - 


. duntable Miſtake, robbed him of no inconſiderable Part of his juſt 


hich accordingly. goes by his Name Now is-it. not ſurptiſing, that 
n Error ſo injurious to Baron Napier ſhould have prevailed fo 
rally, and fo long, as it Has done, directly contrary to Mr. Briggss 


ca. he writes thus: 


el, Logaritiini” if divers fant ab is, does crits vir 


Ego enim cum meis auditoribus Landini, publicè in Colegio 


+ totivs, nempe, Sinus 5. graduum, 44 21 eſſet 10000000000; 


propoſed, to ſome Mathematical oy 
the 


cordingly did ſo, near Twenty: Years ago; but without any Deſign of 


ds, who were unwilling the Thing ſhould be altogether loſt“ 
ar lo he i can make for troubling the World 


2, 
ival, the ſole Honour of having been the firſt In- 
ator-of. Logarithms; yet fundry eminent Writers have; by an unac- 


expreſs Teſtimony? For, in the Prelaco. to his nnen TT bf 


Baro Merchifloms.in ſuo edidit Canone mirifico, non eſt quod mireris. 


- Greſhamenfi,, horum doctrinam explicarem; animadverti multo fu- e 
turum commodius, fi Logarithmus Sinus totius ſervaretur O (ut in 
Canone mirifico) Logarithmus autem, partis decimæ ejuidem Sinus 


— 
- 


iſe, 'by pretending that Mr. 2 Briggs, then Profeſſor of. © 
Geometsy: in. Greſham. College, and afterwards Savilian Profeſſor of 
Geometry at Oxford, was the firſt who thought of the Feit "chat | 


We 6 1 


3 * 


lam autem mutationem ita faciendam — 26 
3 et rithmus Unitatis, et 106000000000 Sinus wins: quad n Jonge 


5, Edinburgum, horum quos:hic exhibeo præcipuos 
NF . div. eſſe voluiſſet. 


Fa et Furca; quhilk was firſt inſtitute and granted be King 


* 1 wp 
þ 3% * 
* 


» ” 


ADVERTISEMENT. ./ 


\ * 7 , - \ by 8 = 
ef + 11 


N 


SHR % Atque 5 ſatin ad ipſum Authorem, are e y 


« per anni tempus, et vacationem a publico docendi munere 

. ſum Edinlurgum; ubi, humaniſſime ab eo acceptus, 
per integrum monſom. Cum autem inter mutatione 

ſermo haberetur, ille ſe idem dudum ſenſiſſe, et. 


8 ſi per negotia et valetudinem .liveret, 


* commodiſſimum elle non potui. e e "4 
8 eee illis quos antes paraveram, 

est horum calculo ferio-cogitare : et ſequenti eſtate iterum profectus 
| illi aſtendi; idem 
« etiam tertia æſtate libentiſſimè FW 


it is manifeſt chat Mr. ; didandeed propoſe 

but widely-. — from that now in Uſe 
which was contrived ſolely by the Baron of Mereliſlaum, even before 
be publiſhed 2 and by him communicated uu 
pece to Mr. Briggs, — — 
+, ceſsfully undertook the Labour- of the Calculation. 
Some Exp/iſþ Writers, miſtaking the Import of the Term Bawn, 
Have called this celebrated Perſon: Lord:Naprer, a Scuteb Nobleman. He 
-Was not indeed a Peer of Scotland; but the Peerage of Stolland in- 


From 
"Syſtem of 


forms us that he was of a very antient, honourable, and illuſtrious * 


Family; that his Anceſtots, for: many Generations, had been paſſeſſed 
of ſundry Raroniey, and, — of the Barony: of Mer chiftowrr, 
- which deſcended to Him by the Death of his Father in 1608. —.— 


3 Briggs, mages, properly ſtiles — ami 
1 5 = erborum ; Realin. (of 


according to Shene, de iH 
« Scotland) he K zuha baldis bis Landes imme 
diatelie in Chicfe.of the King, and es Power of Pit and (Gallows; 


« Malcolme, quha gave Power to the Barrones to have ane Pit, 
oe, emen condemned for thieft ſuld be drowned, and ane 
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LOGARITHMS. 


| HAT, the Doctrine of L Log hens depends wholly" on 
| Arithmetical Principles, and is moſt naturally to be ww 
duced fom tem, bps is Src ee Mao, 


45 9 8 E C f 10 N I. 3 _ 9 2 
i 0 the Moigd and Due, Nation ly Indices. 


2. IN the common Algebraic Notation, the Product of a n 
5 into $ is ab; the roduct of ab into c is abc; and the Product of 
ale into'd in aked; and ſo on. In like Manner, the Product of à into 
2 is , che Product of ar into & is 2&2 ; and the Product af 25s 
into is a; and ſo on. 
3. But when all the Fattors age, equal, it is much 3 * 
to write but one of. them, with an Index affixed denoting their Num- þ 
ber: Thus the Series, S 3} K : n 
much better expreſſed by 2: : * 2 : 2", Kc. fo 
chat if the Number of Factors be a, their Product will be 2 r 
+ . is called the Root; & is called the 24 Power ij 
or Square) of that Root; 2 is its 1 Power (or Cabo}; 2. its . 
ower; and 2* its a Power. * by 
F. Hence it is evident, that WIT two or more Py Fe, 


* 
os, 


multiplied together, the Product is a new Power of 2, having for'its 
' Index the Sum of the Indices of all the Factors. OO 


Manner as z2 & 222 = 22222 that is, 28 * K * . A 
is 2" K 2. 2m . So likewiſe. is 2 X * = 2®, SOREN 
= 2” and a K A. = 2, and 2*X 2*X , ET 
Factors be u, is .2*; where, as before, is the Root; r 
2 eee e ee 2 
8 | F 7 


3 


Ph. 


2 1 ESSAY. 8 
6. Mons alſo it follows that, when any Power of 2 is divided — 
another Power of 2, the Quotient will be a new Power of z, having for 


its Index what remains after ſubducting the Index of the Diviſor from 
the Index of the Dividend. For _ , i is plain that 


2 A x2 _ 


pun. ==" "5 and e =a” 8 Or, becauſe mw = 
an * , 4 . wc 8 — a = | G 
| = n+ m—n 
= therefore x" * 2 ** z and therefore = 
> > 167 ; by 2 | "ud Y * 1 
3 ö — m—x 77 * . * 1 
* a — * X # — 2 88 . © 2 | a! — 8 7 - * 3 * % 


2 it that , or of in Powers; un e, be 
; 4 dered as S raiſed to a e Power of e 
ſuppoſe its a Power, only by multiplying 1, or m, the Index of the 
| or Root, into n the Index of the Power required. Thus the 1 
of 2* is ; and the 1 Power of is 2**; - 
8. And hence may any Root of any Power of 2 be extracted with } 
| 8 5 For, if the Square Root of 2* be deſired, then is 2 conſdered 
as a Square, and conſequently its Index n muſt be double the, Index 


ef lis Root; ſo that V 2 rt. 'If x" be a Cube, is Inder z is triple. 


the Index of its Root; and / = Kl. If 2 be the u Power of - 
any Root, Ah 2h n is m times the Index of chat Ros: nd, 


„„ e 
.- "+ 5586.2 = 3" = xs e 


eee . TTY 
Whence = pr oe 7 F 25 3 ws and — = e . 8539 S. 


be 80 that the Geometrical Series z*: * . * 1 118185 Ge. my 


be better expreſſed thus... 2:2 32%: , Ac. 
10. Since 2 is always Unity, 'z* muſt be either greater of Jeſs. than 
7 Let 2 be pui ſucceſſively equal to the Number 2, and to its 
reciprocal -.: 2; then will the Series: A * 2 IA A e Se. 
repreſent, inthe former Caſe, the Numbers 6: 9.4 2:1; F 
and in the latter Caſe, their Reciprocals I 13332; 45 FLO; Se. 
Where it is plain that, if 2 be greater than Unity, then every Power 
of a, whoſe Index is greater than o, will repreſent a Number greater 
than Unity; and alſo that every Power of 2, whoſe Index is leſs than o 
Will fignify a proper Fraction, leſs than Unity: The contrary of all - 
- which ill de ns 8 1 * . ha + for then-the 
af | | . | | 1 STE wes - greater * 


— 


Bw 1 


Ct a. he 


„ 


| Of the Expanjon 


| Ng. kn . „ 


"ON LOGARITHMS. N 
greater: the Affirmative Index of. any Power of Z is, the leſs wil be 


the Number repreſented hy it. 
1. For our Purpoſe, 3 Unifarmity and Propriety of r 


pfreſſion ſeem to require that a ſhould be greater than Unity. 


12. Having once fixed z to ſignify a particular Number, it is: plain 


that the Powers of 2 may be employed with great advantage in Com- 
eee inſtead of the Powers of that Number; and that a Sett of Ta- 


expreſſisg the natural Numbers with the correſponding Powers' of 


pat would greatly facilitate and ſhorten ſeveral of the moſt troubleſome 


and moſt tedious Operations in Arithmetic ; Multiplication and Divi- 
fon being performable by the bare Addition and Subtraction of Indices; 
while Powers are raiſed, and Roots extracted. by the ee Multiplication 
and Diviſion of Indices. dee rot 


13. But it is alſo gu that, ee W you chuſe to make 
e 


2 repreſent, ſuppoſe the Number A, it will require ſome Art and 
Pains to find the fractional Powers of z, correſponding to the Num- 
bers that lie between 1 and A; A and A*; A' and A-, &c. To ſhew 
how that 22 be done, wo goes Arithmetical n is we Dy 


* 


„ 


A "SECTION IL 


10 Numbers into Series ; particularly the Iroefigation of 
the Binomial Theorem ; with other Preliminaries. 5 

| Gene Interrupt ion in our Reaſoning, it will not 8 
amiſs if we here nes the young Student how to 2 


N that nay be afterwards required of him. 


«9 1 


e expand any given Number, 1 +8 nen. 5 


4 Since 41 1 be called a. Wy. have 7 * 


rh | == T2 +132 3 1 


15. . 1 f C | | 


—in+n 


E if 2.— 7 be called p, we bars 14:99 48 =25; 


"Ex * > Ws i : l 
A a 4 * a 3 ; PF 
* 


RN * * 
n - x * 
« 


e ** 2 * 4 


AN EAT, 


2 1 — — its te called 7 we Gal 
—m and; = i LP . 


* 


= | Ih th We TIF EVE OD we have | 


I 1 133 893 
T7 X 177 = x Ec. Let now 


Sela and for mm put P; then will 17 XI+n ＋ 1 

| = . Again, let 8 P be called R; nf 
NN R. Ge. ad infinitum. | 

TH, 18. If che Equation = = 1 +5 ++, G.. ad inf 
nun, be multiplied into x — 2, we ſhall have DZ'=1 LI 
+ , GO 2 and all the en Ven 
vaniſhing. Ty: 
E 


19. in like Manner if g = ans 


Se. 


benen be attipied into 2 = ry „ we ſhall hae 


RES 25 * a 

1 1 as The +2" N > Her 0 e Terms s, only. 
9 82 ier * 5 . 4 

2 e 


| 92 and all the NP aa Terms ning 
| 20. Hence the Fraction Iz, which is the Quotient of f 


1—2 * r 


hk divided by =. — 


Kd, . 
— - . os 4 
« 


1 ==>? 


3 the Quotient of — divided by 


12 ＋2˙ + 2 +2), Be. to n Terms by 9,18. 
1 + * +32 +=» 4, ny gears g, Tye" 


n And bene the Tan Ez = "23-1 be called 83 


17 | 


—- . | \ A - 9 ny 
4 . — n * 2 
= : - : ks 


death 4 


ä PO <a e „ to = Tem 
becon I eee =" a - ee tom Terms,” 


28 ata 64 | 14 75 + Zu =, 


23. 60 d L EE (here in is 1) * 1 = 
8, Ge. to n Terms: e and ſo 2 = 1, then is & 


a. &c. to n Places = "Ol xm nix — 8 Pe: ic 17% 


To expand into. an . een the Fraftion = 75. „ re 7 5 given; 


* Ne 9, as in 4555 WY into this's Series Ee ay Ge. 
and then divide this Series by r T; obſerving only that every lem 
Number may be expreſſed as a Part or Parts of a greater Number: 


Thus 1. — n, being leſs than 1, may be expreſſed by ©, Ggnifying. 


either a Part, or ſome Parts, of W, | pe 
Integer or a Fraction. The n 


„ 


* rege tete etre 27 £42, 2 2 . 


13 


Yo OA IP 194.92 eg es Ok 
4 * 2 1 0 15 o 
2 2 k f _- 6: _ 
bp n=" ** ; f : 
& * 8 1 1 : 7 * * N 1* TY A+ N 7 
2 
7 Thy * 1 FT 4 2488 — : 0 W 4 : 
#44 . * ” A * £ : . 7 =. E EL * Y 
— — * 
a a # 1 * 1 1 of 2 
1 \ bd — 4 - = 
"4 
Me hv ova „„ 
* * n * (2 An 1 * = $346 & ':; , " = Cs : 75 7 - : 
0 4 5 9 : 424 8:;+ R enn 0 JEL * N 
* * ' f 1 
\ 4+ hs 1 4 # Is. 8 &. " 4 | 
— - - : * 1 
6,4. . ; $4 +a” * 
1 ; 0 > OT 1 12 ; Fac ; £ __ 


7 42751 4563 be 4 1 8 8 9 ans, r PN! forts 80 142 . . 
| 3 : - q * = 


e 3 | 
8 | 88 rw. | N "nk 7 „* } l aeg - 0 
* 2 * P . th 2 3% ©, 174 : * 22 74 7-0 1 * — 4 « ; N 
. . n ** = 1 .n x=n* 5 n 
7 og 4 1 'S, vg * of 5 * S. ” 1 — re $445 "4 G 4 . GE. 
OS "> 8 ern 0 — „ en 82 
9 1 $63 4%» e 75 * 
Dun an hd Yor ths 20 e eie i nne, 85. . 
vr f „4 + * . | I 5 | 
. | "1 ” 1 Py : * . ; _— 1 4 4 9 N * 3 —— N 
«# % RX FD SS C4 I a * "Ve ! * —.— 90 "gy 2 * N 9 K To 3 " Ke. be, 3 \ - | j- 15 % vy 


EL, As, ICS 


new!” en 2 eee 3:43 Ic 7* Rr 
2 4 Or you man bad the Quatint of thus; Whateyer be its 


vie er x, it's 1 war T . telly" greater than Une T 


* „ As» - * * 


— - 


— PP 
- 


continual Multiplication of the Root (3 177 nd infelf, 


1 


| i wy N 'B s 8 1 . 
muſt be leſs than 4, and conſequently lane Pack or Parts thereof 
that is, ſome Part or Parts of each Member of the infinite Series 
n in A TE Sus - Sc. and, therefore, Wy. be fitly expreſſed by 
247 f += +,” Gl 4 gl, And by either of theſs 
two Woys * . aal 1888 be expanded into an inbnite 


4 


Series. oy 5 a f 2 * 2 3 
5 N V . A * HER wa 15 rot t 
3 ere | re awer; of » im o 155 . r 

25. Wen or I according 2s it is or leſs than 


i. and raiſe. that Binomial, by continual — to * 
Power aſſigned. Thus, paning es 1%, W 


E 5 P 'F * © it : 
eg . 2 73 127 * "x x" N 35 75 2 e 2 1 . it ding?! 


17 = Aro T4 4s ad : n „ en ge e 1 
B=; A 57 ane ann 
ETD = 1 + e enen 0 K l 
. lar, + le 4. 5 . . 


ONT; F Fete . 


Cc. Ce. 
26. This indeed would be a very tedious and 88 Way af 


7 N at any deſired Power of 1+, eſpecially a high one. But from 
theſe few Steps we may obſerve 


uced by the 
ra 


27. Firſt, That the Powers of 775 being ſucreſſi 


every Power will always be Unity. 
28. Secondly, That amp Power of 77s ma e 
Expreſſion, va. 1+x*=1 + Ax + Bx* Per + Dx* TE aal 

Sc. which being multiplied into the Root 1 ＋ x produces the next 


higher Power, 4 8 5 8 

— + A+ B+ C+D*+ Ef + . 

ITY =: 1z+ Af +Bx\ + Ci + Di + EH, E | 
29. Thirdly, That the Sum of the: Uncie'or Coefficients of the A and 


Yi Terms of the Series for 1+ x (whatever u or a be) is the Uncia or 


Coeficemoſthe Fi Term f the di: rr th next higher 


OS ants r 4x} at Uk ai be mide af theſe” Flnts, let the 


Lanen, 4, an . een repreſent the natural 
4 Hes Numbers 
: . 1 | 


+##+x , Ce. that is, i415 L Ir + rx +18 
+ 1x Be. ay be eri tha png Dole Ma 


and then, by 5 29, add together the Cale de of the firſt and ſecond 


e o LOGARITHM. NS... 


WE: Gig and the Gomnenical Series 1 4+ «+ 8 


5 6.6.4 . . 
Moltiplication: 1 f. fe fi + ＋ 14 ri 74 Wt e 


- 
- 


ONO 6 kia Means every; Power of 's will * 


Cortficient of the dame Dimenſions with iel. . "I 
31. "Now ſince, by g 27, Uy-a he ff Term of evaty 8 
of T7 1+x write it down as ſuch, ſot as ay Poms eb od pleaſe; 


Terms of every Power, for the Coeffitient of the ſecond Term of the next 
Higher Power, an and fo on; thus making the dum of the Coefficients of 


the u and 7+ i Terms of every Power the Coefficient of tho z&- 1* 
Term of the next higher Power, and obſerving, as by F 30, to write 


= 2 1 1 at, 5 „ 506 wi 


1 1-2:3-4 
the Table of [ayers here abjoined, + w. Wer + ub de 
+ =1 + fr ROSA 4s, e is 
—4 4 ö A | * Tp | . | . | DJ 
Vt fie 25 (FAB | 
— 2 80 
Ri r . 
a 1 A: < %. 4 1 * 1 = 
„ 121 Va» * + 3 1 
— e c. 732 f 2 
144 214 N * : - o 10 


| + + I I. 2 1.2. | wo . . Fa Cz 22 & "4d I 
— MCA th' — NA ih 1521 


n TR ETA »; F. *. LY ITS $0425.18 * * 


ee ee och en Mr 
e . frated © od 2 * 30 
1 1.2 725 155 1 ors 1.3.40 „ Se. 
For 1 +0220 Mlloia +6; 2 Ace e e vie 
4 IA 7 4 Se? rg 542 442. | 42.3 1.2.3 Py 
1+2=5; 25 A en : 0 e 22 +.6.6.b= =dc.b- 
; 02 fred 26 ET 22 — N — — — — 
14 Ir. 4 Irs * 525 1.2.3 14.3 12.3 
erk _ 3 b 4 2.5 Ac +#+, ern — 
e 284% FA l. * 123 123 173.3 z 1.2.3 
id. 3 n 4 l , x l$'rdem Ped + end A 
1 14 1 1-2 . 128 14. J 1. 1. % 74.3 
YE e+ed=2e+de=fd . | 5 en 
14181 1 2 


nnn nne . | 337 


, 5 5 * N 75 
5 * * . 


OS 17s > i n * $80 1 F 


Aten FA in 44 oþ 0: = : 4.4h.4 2 — — i — 4 025 8. d. c 5. 4 . 0 


4 2 TT AS Faxes” ͤ Tanes 22 5 41 
. HI, 8 LL TESTS 
55 Ne ad.c.b wy 3 = 2 e 


2 FE bs LOH as 4 2 . e r 5 13345 29344 —_ 
e 1234. L044: 1434 + ge nes” n 
* %% TIS dba a RY 
= W 11 Wl 8557 | . 
3 15 . 3. From theſe iow. Steps, the Law ee is obvious 
| enough; the Coefficients of evety Term having a conſtant Relation to 
the Index of the Power of which it is a mne ſo that any Power, 


ö I's, +4 2 8 110 thus 3 ** = I +7 Chad 


5 . 
as 


1 
23 &s alto 1k bo wy 


2 


3 Dee uo then gr 2 2 w © pagan 
p44) * 


Fa ries of Arithmetical Progreflionals, Mo ted hi continually by 
33. Now if each of theſe Terms be ſucceſſively divided by the na- 
- tural Numbers t, 2, 3, 4, Ge. and 1 ſubtracted from hn I 
we ſhall have the following . vix. 


4 * - 
x 


P . 028 —3² 2—4 „ 1 i 
> NF 1.3 7 „Ce. r 2 "Js c. 5 
3 b—z, —22 b—3z. bam, Wo 

5 2. zz I Sc. Or — z ESSE oF "And fo 
of the reſt. IE Re +a Þ 4 


If the Terms « eg of theſe Series: be cominually mu 
into one another, from Left to Right, it is plain that, in the firſt . 
putting M for the De of n Terms, (. Terms) the Product 


ol n Terms will be M * FY and ſo the Produbt of » 2; Terms will be 


to dhe Product ef * as Mx == 20M + that is, OS 10 15 


or as - to ; and, therefore, the Product of 1 Terms wil be to 
che Sum of the Products of n Terms and of m1 Terms as a—-z to a. 

3356. But it is alſo plain that the fame Product of Terms, in the firſ 

| Series, will be to & Product of » Terms, in the ſecond Series, as 

. do 4: 8 8 Dot in the Mark of BR the 
9 oduct 


/ 


l 


N "on Log ARITHMS. 9 
beta derne fete SEEDED 9 22 
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% % „ ns 
23 25 +I TEC XI; Therefore is 
7 12 . 
1 = 227 1 Ea 
17 142 = 7 es +. X=. Or 
7 — 
** #3 | 
-1+k 1+» +2 +242 Fe, us befure in 565. - 146, 
PE 5 E 75 68. Te 


* ” 


* * 


= A Int _ 
55 The improper Fraction. — may repreſent any improger 


Traction whiterer, as © -3 in which cafe, ſides tet, we have al, 


; 3 5 
rn; and T ; ; and therefore n=—. And thus we 


improper one. 


rs 
have a commogious jous Rüle for knding the Power: of Z anſwering to any 
Number whatever,  dire&tly, and 5 ndently of any other Number: 
For every Integer may be conſidered as un improper Fraction, whoſe 
Denominator ek every proper F. raction as the Reciprocal of an 

us for Example, if you deſire to find the Power 


We Z oe to 2, find = anſwering to 2 2 and then. you. have 
r 2 =Z *=2: a nd ſo of others. 


2 
59. But though 4 the Rule itfelf de general and * £5 . 7 
operations _— in the Practice of it, eſpecially in workihg For 
© the firſt Primes, are ſufficiently trollbleſome and tedious. However, 
by the Uſe of certain ſlight Artifices ON oy be We facili- 
? tated and ſhortened, 


— 


ä — oN LOCARTTHMS” 7. 1 
SECT] o N v. 
Of the wy Ways r the Logarithms | with as HO 


of Dr. "HT $ fool and compenious Method. * 


70. Pirſt then, . it is plain 4 
that when its Numerator r—s is Unity, the Series will be raiſed with 


the moſt Ea: ; for then if the Nenominator 7s be called y, we ſhall 
have # = = 7 and 4 continual Diviſign by N. will ſucceſſively give al all 


1 odd Powers of or n each of which being afterwards | 
divided by its proper fade, and the Quotients collected into one Sum, | 
that Sum multiplied into Fl, be the e Index of che Foer 


| of Z anſwering to . 9 
- Mi Secondly, Who Series will ky raiſed with the moſt eaſe when 
r—5 is Unity, ſo, the greater T= is, the ſooner will it converge 2 


that. is, the fewer Steps hon it take to run out at ny eng Gonna] +} 


Place. 
72. Thirdly, to have F—S=I, - * engl needs be one of the Fravion 
2 4 Sc. which poſſeſs this further- ad vantage, that havin ing 


£2. 72 LE — 


found the correſponding Powers of Z, you may by multiplying thoſe 
Powers (which is performed, with very little trouble, by the Addition 


of their Indices only) find the Powers of Z e to 2, 3, 4, 53 


Sec. for 2 K 22 ; and 2 & 2231 and 3 Xð 1 mand 


and 5 * 22, Cc. But then r4-5=y is fo mall, towards the be- 

ginning of the Scale, that the Series converge but ſlowly, which ren- 

ders the Operation ſomewhat tedious. 

73. Fourthly, in order to ſecure all the abovementioned n 
at once, let it be obſerved, that if three Numbers be in 8 


— 


* a 
Ws 


* 


of my AN E 8 „ 5 


5 on, lng Unity for their common Dificrence, the Square 
f the middle Term always exceeds the Product of the. Extremes by 

Unity. For if the Numbers be N—1. N. N-, it is plain that the 
Square of the middle Term being. N', and the Product of the Ex- 
tremes being gs X math — 1, the former exceeds the latter by 


=, Vaity And if - be =— r, we ſhall have 7— l, and r7+5=2N*=1. 
| 225 To apply this to our proſent —_ let +=; and you will have * 
ee and you will have 25 Nr let 5=N, and you 


2. 
8 * = 
have 5 == = &c. Now by putting theſe new Fractions ſuc- 


| eech for = „ you will have firſt 7 r—5== 1 ; ſecondly, r +« ſufficiently 


8 to fake pretty faſt ; yet, thirdly, no' other Numbers are em- 
pPloyed but thoſe orhich conſtitute*the Fractions 3; +, 23 ſo that having 

* - found the Powers of Z correſponding to 3, 15, +4, you may by mul- 
 tiplying thoſe Powers, that is, by adding their Indices, eaſily find the 
Powers of Z anſwering to the three firſt Primes, 2, 3, 5. For 


We K zX + (the ns Terms n 

each other) Z. f. . 0 — — — — 

| Again 5.335... — — — -— =; 
And $4. 3=544 — — — — 22 5 
: { 


| Having by this indirect Method. which is by far the ſhorteſt and 
| eaſieſt, obtained the Powers of Z correſponding to the Fractions 
2, 2, 4» you may proceed with them, as was ſhewn in 5 72. where 


it was propoſed to AO them 1288 


ON DO ARI T H N S. 


an Example. Therefore let 2 then „ 1 e 
jd y 2289. 2 ; 7 * 12 4 | 


& 


—=0.05882-35294-11764-70588.235 x 1 =0.05882.35294$11764 70588,235 
7 ooo20. enen eee 0808. 38 720.40 


5 
7 J=0—00044-37011-34160-464 * | —.—3.48144.47737. «209 . 


X * =0,——,07042.96477-72374-260.x— =0,—01498.59255:54474:852 n | 


of — N Dosi ga getig 586 . 9808168 B43 « 


. 00029-17842 628 r o — — 2 2.65258. 420 

a nes er --100g6. 341 14 ä —.— 756.641 
1 4 2 22 . LID . DT" 12 8 3 

* e — — 034.935 EM — — 2.329 


75. But the Method here recommended will probably be beſt illuſtrated 


| 65 3 "IO — 28191.72726 975 x5 
Now let 22 ES : n W b * and = 961. 
7 . Ly II 806 =0.03225-B0b45 16129. 8 | 
— 18472021751 535 * 7 Zo. 11890. 61573- 40583. 845 


1 


. 29432. 59125. 736 W e ——69.85886. $1825 $47 
2 lt 
7 0 6346 9649.48 x ==0. — 8.792 42306 641 


| o- - —— — 37. 52 0g. 30g g o — —,——4-20244-7OI 


I 1 , . T 
: X =O Aer —03935-694 7 =0. 17 A 
1 0 , 4 , * 1 — 4 : Ar * . 
of I UE) Baa . 


80 that E * = e gabog, 68785. eee x2 | 


AN E 8 8 A 


8 * . * and = 2401. ; 


a $600 65306. 12244-898 0 02040.81632.65306:12244-d8 


= 0,— 84998. $97$2-31408.681 X 8 = n 10469. 560 


— bs: * 7.08026, 63492-828 


R 


Ill St-el- el 2 
X 


— fgg x7 = 0 ————a1063444-84 
X 5 = ‚— — b1409-460 * = — — —.06823.273 
It TENN * rn a 
— = tony Sq 
5 8 Having thus found £ = 20.89. 15178:28191-72726-937 
And 2 2 2b O ab· cab og. 65785. 88 688.645 
2 223 == 29:92041-09972-60127-56477-726 
SK. , . a vue 0 104.8 88. " 
; Therefore is 2x33 35 =4 =  129-11157+17756-$7 104-87788.308 
And $6259 = 4 2. 14384-10362-25890.46371.953 | 
And = 4X4 = 3 = Papa e 10 ; 
And 2X += 2 = 2* weer keene wm 3 i 
33 
And 2X 2 = 42 7516931447 1805:59945-3094 in 
And | 4X „ . 90.80471-89562.17050.18729.994 dy: 
. — 


And 2X 3 6 — Z9-89587-97346-14027-50040.576 
8 = 20397. 558. 39917-96412-529 


And 2K 4 _ 51. 

ry And. | 3x SY _ 9 2 1471. 84330. 02 16453709. 199 | 
„ And a&x 5 10 2 A e th "” 
I Se. 4 Ve. We. > 542 


77. | By the help of theſe Povwers-of Z/anfwering to the three firſt Pri 
2, 3, * my” the Powers of Z anſwering to the A; 


— —ͤ— — 1 


„ 1 


ay + ON LOGARITHMS * 7 
” found. For Exargle, let the next Prime 7 N. Gen we. 
== 55 dam and y* = 9499- Therefore. i 


a 7 =0.01030-92783-50515-46391-753 6.01030:92783: 8, 401753 
820 x 7 20.— 10956. 8268 1.52996. 747 x 75 = O. — 03652. 27 560. 50998. 916 
84 * 7 2—— 16450<49224-466 X — =O — -#3290.09844.89g 
1 5 tm —12:37659-040 x 7 nnn 
325 9332 . 838 5 ä | 
„Ee * 0 rmx 2 0. — 


| | ee, 80 that 22 = — —— : 
| le v = = 6x8 = FER ROY 


8.52 WE 
| Therefore 2X48 — 49 == __ — 71. 9480101400. 88413 305 10.431 x2 
And af. 9 = 49 La * = = eee, 6525521 824 


And in thy Gs manner may you-proceed to raiſe the Powers of Z ee” UP 
1 other Frimes, in order as they riſe, by: making each Prime ſuc- 
ſſively = 


78. Bor it is dme to f the Value of Z, and thereby. that of 35 which 


dvantages reſulting to a Sett of Tables, — its being made equal to 10, 
re too many, and too well known, to be neglected. Let therefore Z'= o. 
ow, having found in 9 70. the Power of Z anſwering. ko 10 to be 


51 5129.2 5464. 97022. 84200, 837, Se. *. it is plain that theſe two Powers of 2 


aſt be equal, each brug equal to10; that is, that 1=1.1 5129. 2 25464-97022. : 
$4200.837 Cc. Xx > 7 and conſequently that — 


1.15129. 25464 go 22.842001837 Vc. 
7 = 0.86858.89638.06503.65530-22578.37833-21016.45887.94011. . 


0733, 31322 Ce. * remains therefore that the Indicafſef the L 
"WA. . 5 a Powers 


epends on it. Z may indeed repteſent any — phnds; but the 


ö 1 N ® BOD 4 'T ; 
8 of 2. found as above, be multiplied” into ii Value of! 
which though it ſeem to be a tedious taſk, is nevertheleſs to be perforn 
Vuuith great eaſe, only by making your firſt MI inſtead of I, 2 

: Proceeding i in all other reſpects as before. ; : 

79. For a more I Notation, it may not be amiſs if you 
1 z and ==Az BCl ==D, Ge. Thus for 3 you 1 

2 4 086858. 39648. 06503 43790 2263 '5= 175 and y 289. 
A 0.05109.-34684-59206.09737-072 S 0.05109. 34684. 59206097 37-072 
= 0—17-67940.08509-36365-872 * =-0——5.89313, 36169.78788.614 ſr 


m\Ojuwj AG eG | 4 


= — 17-43974-08084-31 q * == = H—_— 01223.48794-8 1616. 863 


0.——an-r6761-15598.907 x E= „0 4086.55 


= 0——07324-43306 $70 x 7 — $2589. 619 


| . — -s; * re- —— ——2-30400-53) 


| © FTE: 


n 
n 


| 2 
* . 85 08769. 570 x 113 1 —.—.—— 674-582 


—_—  —— SOT, 


oe 
U 


—T = 0. e — . 105 N my T 4 5 5 


8⁰ that when 10 =Z', then *= Zest gr 736i 2885. .88, & 


a 


. - "4 
SY . 4 
OO mn OO SO Oo I ee ET 


| - ON'LOGARITHMS 43 
Again for +5-you have y=31 ; y*= g6r e ; pag 
2 x = 0:86858.89638.06503-65530.226 , | 

= 0.02801.89988. 32467.85984.846 : 0.02801.89988. 32467.8 5984.846 


2 { A 

: B = 0.——2,91560.86194-03523-397 „o 97186. 95398. 01 174.466 
ug 7 HS 1 | 

i C = 0.303. 39319-66080. 669 x — by = 0.——-—-60.67863.93216.134 
1 N p ThE I | | : | 
; : D = 0———31570. $7196.754 „ 7 » %s 
* I baht SJ; 2 1 ; ; 2 : 
* ES . ane, we 52 = .—. — 3-65019-509 

I | 7 2 | 
uM. =2—- _ —,03418. 500 * r = 0. —— —.— 310.772 
62 0 = . 88 * 12 5 Y —— 273 
3 5 ; 1 ——— 6 o. oa 802. 8 8 G0. | 
$ | $6 that when 10 = 2, ten 7 = 04864-07230-00245-5397 7-37» Fe 
19 

And for 177 you have y = 49; 'W 2401 
3] 


2x = . 0.86858.89638; 0603 65530-226 | | 7 
=" 0:01772.63053-83806. 19704698 == * 01772.63053:83806. 19704 698 


I 
= 0. ITT $4374-16309-747 * ＋ * —— Hee 61458. 25436. 582 
3. 


= 0. * If 14980: 688g 884 * — = 0.——,——6.14984-12117. 977 


my x 


= 0 .— —.— -.53338-579 * = 0,—;———,05926.620 


p * : I | 
= 4 * P —.— — — 22.215 * * =" 0 — U — — L 2.019 ; 


A 

B 

C 

D = 6. — .01280.68330/108 * 2 2 — 182.9547 5-730 
N | 
F 


80 that when 10 = Z, then is 24 = 299117 87665:60431 $8663.63) Ee, 


. 80. Now 


* 


* dee eee eee 

90. Now ſince 3 0 2 29-05115-25224-47 381-28894.88 x 
3 725 — | l 20 02801-87236.00243-53877-37. 

And 22 3 = 70.01172.87669.60431.58663.63, 

| We have ;? K X 2: = 4 = 22:99691-00130-08056.41435.88 
And ENA: = 4 = 22 "24939136608299.95313-25 
VVV 

> "And 1X4 =2 = 79-39102.99956.63981.19521-37 
And 2X 2 = 3 = 2*4112-12547-19662-43729-50 
And 3X + = 4 = 2960205.9991327962-39042-75 

And 4X 2 8 3 209897. oo043. 36018. 8478.63 


And ſo 2X5 = 10 = 2" 


81. After what hath been ſaid there cannot, I think, be any doubt con- 
cerning the manner in which the Powers of Z, anſwering to the other 
Primes are to be raiſed, But Dr. Halley's facile and compendious method d 
performing the requiſite Operations remains yet to be — 


25 | 1 1 EK 3 af | 
By $ 70. If n = f then 2 = 27 357 + 575 * 27 + Th c. * 2x and 


the 1ſt Term in the Series for finding & being 8 let = A 


n 


an 
2% 


"© 


ON'LOGARITHMS 35 
82. Now the Diviſors here employed are very eaſily found: for the 

Diviſor of 2x is y; that of Aisy*+L=3 y PF 

of Bay+ Zong, 


wars - 
BN Ae 
7 3% &ec. 


83. For an Example of this Method, let us find the Power of 2 
anſwering to 4 ; where y = 17, and y* = 289, and 8 
2x = 0.868 98.896 3g. 06 503.655 30. a6. 


' 7 (8 AL = -2Xx ? gives A. = 0.65109) 54684: 59206.097 37.072 


} 


2 = — Je gives B = . —f.89373 3669.58 788.64 
Ait 1 Ir ** 97 gives GX 0——01223-48794.81616:86z | 
EOS LE 3 git D.- 0,——3-92394-45985-558 
* — 6.—.—.—863882569.6% 
| of s 2 1 2 — ee | 
"Fo 22 335 1 5 * 5 OY mY ” I | 

F = N 8% | = ©. — —ͤ— — 


So that 2 is, as found above 8 79; = 2.06115. 25224. 47381. 2894 88, &c, 


84. Thus have we ſufficiently eſtabliſhed the Arithmetical Principles, and 
explained the beſt Practical Methods thereon founded, for raiſing the Power 
of Z anſwering to any given Number, let Z be what it will. And now, if 
the Tables propoſed in F 12 be acoordingly conſtructed, the Letter Z may be 
dropt, as an encumbrance in working, while the Indices remain, under the 


Title of Logarithms, to be uſed juſt in the ſame manner as if Z were 
ov Wl preſent. 2 | | | | | 


. SECTION 


. . 
Y EY. 


* A N E Y | A (IT 1 © 
: Z* 1 1 8 8 A ks 4 } 
4 * 7 5 


rn bf 1a 
SECTION ,f 


To find the Number from its Logarithn given, 


85. The Converſe of the preceding Problem comes next to be 
- conſidered ; that is, in the equation Z 1+ +9 having # given, to 
find 144" 
| The Value of d= ; bong been denne $ 78, and k W 
given, we have thence kd = 5 which call L. Now. ſince by F 14, 
if 7 = then is n π i + + x, Sc and by. $64, d or 

L =n ++ TAT ＋, &c. whence it follows that L is greater than 
nz; and nadel. 1 fl. Sc. is greater than n. Cm. ., &c. 
that is, greater than 1. Therefore q the leſs Number is ſome part 
\ or parts of a L + * 25 L* + L', 1 greater Number: ſuppoſe 
722 — 3D + a „ Sc. which by $ 23, May be OY 


thus, L+= 2 b E ; then will Ls ba Bla 
SquoratTHjbe qu tothe Square of 1+ 1 + - + E4E+E 


+ © Ee. that is, 


| * L as 1* « ; a 2 : 
141 e ee e . 
1 4; y * u w 


0p = N 


” 
* 
. 
— 


Se. 


»D 
oh 
82 
8 
122 
[>] 
9 — 


2 L* 
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86. "Again, by $ 15, if 142 747 = 25 then is 27 77 SPP 


#+þ*,&c. and 2 1 dor 2 L, by & 65, = ee +>, &c. © $6 


that 2 L is greater than LE and conſequently 2E + 4L* » 8L*--16L5 
&c. is greater than p + D, Sc. which is equal to 24 + *. 
Therefore 2997, being the leſs Nu umber, muſt be ſome part or parts 


of the greater Number 2L + 4L*+8L* +-16L*, &c. ſuppoſe 
L+4L*+8L*+ 16L* 
29 +4 =——= FEY 


8L* 16L“ 22L*, 64L*' 
1+294+q= +2044 4 — *. ＋ — „Ge. 


87. Theſe two Values of 1 +2040 being. Sint together give 
the n Equation, 


„ Cc. then by & 23 we may put 


£ ſ RA 2L | | &=, 4 

1+ 2L n | : Whenee by $ go'it follows that, 
41. 2E. L. 4 2 

* 1 + OF . BE = 

EY: RE: 12 i; 

„e I 1-46 
1614] ., 204 Ls - alt 16 2. 1 2- bt. 

— who - e on 4s D==þ3+- 
| | „ 

＋ 7 * we” 727175777 
641. e no PLA PRI. 

+ 7 7 7 + XZ 1 u |'s S F tFrnts 
See e. Se. 

* Whence again by 9 525 been, therefore Sa Wa=x=2 
8 2 2 8 * | abs 8—2 #2 
And lince 227 or 2 7. . I; therefi VP hon bane =8=35=6 | 
SLOLALS YH Tr, e 7 gh, ab 16-2 
And ſince 7 2 a#3 Ce therefore——=——) X1I2=7 =2==24 

l 2 1 4-5 —2 

| 2255 ſince ee or == -3 bereſore A= 
eee ee 

And fince 4 | 5 57 Frets 7, =o rr ee W=720. 


89. Theſe 


* 
7 
Ry 


= 2 EW * S SAT. 


89. Theſe few Steps fully p prove that when Z'—= IT if you. put 
C Lf 

=L, then is i+9=145+ > T7 2. 2 1.2. = 1. 2. — 1. . 
| Ge. and ſo on, the Law. of OP being evident. 


90. Hence alſo Ince Z =1+9, and = 22 n 


, 5 Y + f N L* 
wwe have 1—1= ——=1 PETE 
5 0 LEE Eee Sa TOS yy 


923 1* 


142.375 UOTE e 


91. And if the Terms in which L and its Powers are fucceſſivel 
preſent be called A, B, C, D, &c. then wil! 


14g =14L4+A.£48.24C.54D kes . G. 
and 1=1=1—L—AZ—BE—C.E—D.Z—Ex, &. 


92. It muſt be owned that tn Series converges very ſlowly. eſpe- 
> cially when L is W. In order to remedy this in ſome ſort let it be 


obſerved, ſince 2 =1+9, that if we 3 A, or 2 


75 " 8-7 
the — 4 +r — * 2 2 
n will 2 —Z* z; and 1+9 axZ : Orr = —.— 


2 '; and b 8 Now let 74, or © =1, and by 5 89 <= 


2 81 IIe Ge. and pr 


-af*. a8" a7* — 
eee Ge. Or, bace 1 Z e hy 8 90 to 15 
54 645 57 


— 2 . therefore, is 149 1 St 


93. If therefore how's are arobided with good Tables of Logarithms, 
carried to a ſufficient number of places, (for you cannot expect to find 
a number that has more places than L or /), ſeek therein the Loga- 

; rithm 


= ———— — re HART 


ut 


che Divſor, 3 — will give you 1+ > __ ++ ITED 


== ITT, 2 e But the Sum of theſe 


ON LOGARITHMS. 39" 
rithm neareſt to #, whether greater or leſs, and its difference from 
& call x. If the Logarithm you pitch upon be leſs than & call it Ar, 
and its cotreſpondent number call 4; if it be greater than &, call it 

247, and its correſponding number #: then making = - =, with. 
aand ＋ I, or band —1, proceed as above, „ 
94. If } be ſmall, * Proceſs 5 be conſiderably abridged, by 


Ze, | Tv | | 
3 +70 e Ge. Ta are eaſily 


| = — deduced from 
. Span, A 1727 U 
1414 7 — - Sc. For, with regard to 2, it is 
plainthat / EA I x 12 L. Now = „ 20% Ge. 
and therefore other << , ph and conſequently 
I 


. +> But the Sum of theſe two, with 1, is leſs than 


1— 41174, — 
the Series 932 L in 9 923 and if to encreaſe the Quotient gs leſſen: 


32 © 


Now this Wk Hg be co Þ 4. PS 24 + . Se. 


which muſt therefore be ſubtracted. The two firſt Terms, 


„ 


P ++ 6 

— = 1 N but 17 = D : therefore | 
e f = 

—— = e, the Sum ee bai t Kos 
be ſubtracted, 1 the Quotient, as before, by leſſening the Di- 
viſor, and ſubtract e — * + ox F + £15, &c. But- 


now you have ſubtraRted too much by = 1 1 22 , Ge. = 255 | 


1440 


I 
X1 + 51 or nearly has X 1 1+21; org i X * T=2144—87,o. 


2 75 


7 


„„ 8 being 


— 


1 q F 5 
A N - i 
A. * - *. = 1 pf 
* "7 . 
4 0 
- - 7 
* 


„ * * 8 8 4 1 


being leſs _ the Series to be added, leſſen the" per as Wei 


and add P47 22 4 4 1 1, Ge. which being a little” too much 
it miy be wins o : and fo you may. * further if yo 


8 & 3 | 
95. The Series for 27 muſt * come out 05 very lamg 


except only that all the e of J and its powers will be changed, 2 
appears by the ein work. 


1+ | Pe ern gf" 
8 : 9 4 3 + 7 e Bu 
98 - a . 7 P 5 2 8 
241 2225 | e rl EE 42 
1 324 "TIT A : — =] 5 RD 1s 77 has 
221 S- 1 os : 
5 — 74 * e . e 1717 Add y 
Fa . 3 
* A 4 = „ G. | FD And the Sum is 
r 2. TW n 
—— 8 7 I Sc. =1= int 
Þ | * 15 
Subtract "3 _ =O 1” &e, = 192 And there remains 
I +9 37 1 2 rRNA 


+765” 70080“ 0. iz gt 
96. If / be very ſmall, and your ie extend to many places, the 


185 


4 firſt ſtep alone may ſuffice where great Accuracy is not required; n+ i 


that caſe, the given Logarithm, whatever Species it be of, provided x = 


be known, may be employed, without reducing it previouſly to the Natur 
Logarithm, by an actual Diviſion thereof by x, or pier e thereof 


into 4. For ſince ] = © = 74, put a ere and 2 becomes 


1 5 ny _ 

1—ird? We. r . and fo = i 5 and a + — —_ 

1 e e Therefore fince < — = i749; 

or * F K I KI, we have & = ir: x37 :: 4: 1+9. All 
bx — tbr 


i fince pu + 5 7 2147; O X—, rx NTC 15, eee 
r 6: II; all which is perfectly agreeable to the great Halley' 
Dodrine i in * Philoſ. Tranf. Ne 216. 


«LC A r RM 1 
4 . 2 what I propoſed to ſlnew ; 
8 of [cs gr nds wholly on, and is 
ane, ta and eaſily dedũucible from the plaineſt Arithmetical Prin- 
* . either Properties of the Hy- 
2 on one hand, or the Subtilties of Indiviſibles, Fluxions, 
the Roots of Infinite Series, on the other. The H 


yperbola a 
cannot be a to this Subject, till it be reduced from a ag "0 
trical Curve to an Al gebraic Equation ; and the other Methods above- . 


mentioned, cough ongnally and prey Area require ſome- 
or 


thing more than an to underſtand them readily and 
fatiafaGtorily z — as * op FE Maſters have, in treat- 
ing them, emſelves ſo obſcurely, as to render their other- 


wiſe admirable works of very little uſe to young beginners ; which 
I flatter myſelf will not be. amongſt the many . be. 
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